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I. UNDERLYING PRINCIPLES OF QUANTUM MECHANICS

Lecture 1 - Sept. 7th 2011

The course website is http://www.yorku.ca/koniuk/PHYS4010/index .htm .
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A. Postulates of Quantum Mechanics

1. To every observable there corresponds an operator. For example to the observable A(e.g. energy,momentum,
position, etc.) there corresponds an operator A. Every measurement of A gives a value, a, s.t. a is an eigenvalue
of the operator A. i.e. for an eigenfunction of A, ¢, A¢p = a¢.

2. Measurement of observable A yields the value a, and then leaves the state in the state ¢,. i.e.
A¢a = a¢a

3. All possible information is contained in the wavefunction, ¥(r,t).
4. ¥ developes in time according to the Schrodinger wave equation (SWE)

m@\Il(r,t)

e HU(r,t) (L1)

B. Important Properties

The average value (expectation value) of an observable C at time t is given by

(C) (t) = / U*(r,t)CU(r, t)dr (1.2)

Experimentally this would be done by preparing an ensemble of identical initial states ¥(r,0) and measure C at time
t. This will generate a set of values, ¢1, o, c3,...,cy (where N is the number of measurements)

| X
(€)= N ; Ci (L.3)
We can also interpret this as
(€)= Z ciP(cy) (1.4)
The uncertainty (or standard deviation) in c is given by Ac:

Ac = /() — (¢)? (L5)
The modulus of V¥ is given by

U (e, ) U (r, 1) = [¥(r, 1) (L.6)

probability to find
particle at point x

|U|2de =  P(x)dx (L.7)

The normalization condition is:

/OO P(z)dx =1 (L.8)

— 0o

Lecture 2 - Sept. 9th 2011



C. The Time Evolution Operator

Suppose H doesn’t depend on time. (i.e. H = HZr) Assume VU(r,t) = ¢(r)T'(t)) Plugging this result into the
SWE:

9(¢T)

ih—p— = HoT (1.9)

m¢%€ =TH¢ (1.10)
Divide both sides by :

ihor = $H¢> (1.11)

Thus f(t) = g(r) (regardless of t and r) The only way this can be true is if f(¢) = g(r) = E where E is some constant.
This generates two equations

L aT
ih—s- = ET (1.12)
and
Hp=FE¢ (1.13)

Notice that equation 1.13 contains all the physics of the problem while the time equation contains no physics (does
not contain the Hamiltonian). Equation 1.12 can be solved by:

T(t) = e Pt/ (1.14)

Thus if the problem is seperable then the time dependance is always given by the above equation. All this term does
is changes the phase of the wavefunction (shifts the magnitude of the wavefunction from the real and complex part
of the wavefunction). This time dependence is often referred to as trivial time dependence.

Equation 1.13 is an eigenvalue problem. E is the eigenvalue and ¢ is the eigenfunction of the operator H. There
are typically infinitely many solutions:

With
Uy (r,t) = ¢n(r)T(1) (1.16)
U,,(x,t) = gy (r)eEnt/h (L.17)

The probability density can depend on time if we don’t have an eigenfunction.
The initial value problem: If we know the ¥(r,0) then we can determine ¥ for all time (i.e. ¥(r,t))

v
oV i,

- o= A (L19)
ov  H

-9 (exp(itﬁ F/R)U(x t)) =0 (1.21)
ot ’

Note: For this to be true we have to assume that H = H(r)
Comments:



itH

1. Notice that in the factor exp(*%~), H is an operator (could be a matrix). This can be understood by the real

definition of the exponential function (a power series expansion):

o itH  (itH)?
exp(itH/h) =1+ 5 + 39]

This operator is defined as:

Lets carry on with our solution:

t’ o . t’
/0 = (exp(itH f/h)\Il(r,t)) dt = /O 0dt
By the fundamental theorem of calculus:
exp(it' Hf /) U(r,t') — exp(0)¥(r,0) = 0

You are free to change the dummy variable ¢’ to ¢ and multiplying by U:

W(r,t') = exp(—it’ Hf /h)¥(r,0)

The operator U is called the time evolution operator.

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

Note that this is true for any state. Now suppose the initial state is an eigenstate (also called stationary states)

of H. Hence:

U(r,0) = dn(r)
= U(r,t) = Upn(r)
= exp(—iHt/h)g,(r)
= exp(—iEnt/h)pn(r)

Hence in this special case the time ordering operator is just the trivial phase found earlier.

Lecture 3

II. PARTICLE IN A BOX

Step 1:
Write down the potential

Step 2:
Write down the S.E.

h? 92 LoV

The time portion is given by (assuming a separable solution)

T(t) = exp(—iEt/h)

(IL.1)

(I1.2)

(I1.3)



Thus the time independent problem is now given by

h2 82
- %@éﬁ(@ +V(z)p(x) = E¢(x) (I1.4)
Step 3:
Outside the box the solution is trivial. It is zero.
Inside the box the equation is given by

02 9
il - _ IT.
= 0(w) = ~K6(z) (1L.5)
Where k is given by
2mE
k* = = (11.6)
The solution is given by
¢(z) = Asin(kx) + B cos(kx) (I1.7)
Step 4:
Check the boundary conditions
$»(0)=0=18 (I1.8)
¢(a) = 0 = Asin(ka) (1I1.9)
(I1.10)

Hence we have the trivial solution (no particle) unless

ka = nm (1 is an integer) (I1.11)
2mE

nm\2 h?
~E, = (7> 2 1113
a 2m ( )

Hence E developed an index and energy quantization came out. Note that k also has an index:
kn = n The wave-number is also quantized (I1.14)
a

nmwx

¢n(x) = Asin (—) (I1.15)

a

Note the energy levels rise rapidly they go as n?. Note we were dealing with a homogeneous differential equation and
hence isn’t fixed yet. This can be done using the normalization condition:

(IT.16)
- YUY AT nnx
[m || dxf/o A*sin ( . )dm (I1.17)
A2g ~1 (IL.18)
Hence
2

A=1/- 1.1

2 (11.19)

Notice that the normalization constant is independent of the particular quantum number n.
Therefore

() = \/z sin (@) g, o (I1.20)

2ma?



Since the energy increases with decreasing a it means that quantum mechanics opposes this motion. This can be
thought of as a quantum mechanical pressure on the outside of the box.
Note that n can equal any integer

n=12.. ( Infinity many bound states) (I1.21)

Note the dimensions of ¢ are 1/v/L and the dimensions of the P (the probability density) is 1/L. The energy levels

n=4 /\ E=16E,

n=3 ) /\ E=9E

n=2 E=4E

FIG. 1. The Wavefunctions of the Square Well and Their Corresponding Probability Densities

as well as the corresponding wavefunctions are shown in figure 1. Typically there are as many quantum numbers as
dimensions of the problem.

Def 1. In any problem as i — 0 we recover classical physics. Equivalently we can recover classical physics as £ — oo.

In our problem as E becomes large we should recover the classical distribution. The classical distribution is given
by

Pla) = 1/a 0<z<a (11.22)
0 r<0,z>a

In the limit of large E, we have a highly oscillating function from 0 to 2/a. For any experiment that tries to measure
how likely it is we will get to any finite region it will be 1/a.

Assignment: Demonstrate by direct substitution that the first 5 eigenfunctions of the 1d well are indeed eigenfunctions
of the potential. Plot the first 5 eigenfunctions as well as the first 5 probability distributions. Due date: Wednesday.

Lecture 4 (September 14th, 2011)
Note: Assignment 2 is up.

III. DIRAC NOTATION

The Dirac notation is a more abstract notation then was used up till now though it is more powerful. There is a
corresponding notation in geometry referred to as coordinate free notation. The idea is a vector has a meaning before
a coordinate system is assigned to it. Similarly in quantum mechanics we have states which are independent of a
particular representation.

A state labeled by a quantum number « is denoted by a “ket”. The symbol for the ket of «

) (IIL.1)

In the spatial representation the state |a) is given by ¥, (z). For example

als) = [ " Y5 (@)a(x)da (I11.2)



Note that this is analogous to

A-B

The analogy is even more evident by writing the integral as

Thus the wavefunctions are infinite dimension vectors. In coordinate free notation equation II1.2 is given by

The “thing you dot kets with” is called a bra:

N
A 37 (@) () A

N—oo =1

(Bla)

]

Bras and kets obey the following rules (a is some constant)

The state |2} is an eigenstate of the position operator Z.

(2 |z) = §(x’ — x)

eigenvalue

zlay= 2 |2)

The Dirac Delta Function

(I11.3)

(IT1.4)

(IIL.5)

(I11.6)

I11.7
II1.8
I11.9
I1.10

o~ o~ o~

—
= = L

(

(IIL.11)

(IT1.12)

This makes sense since this expression reads what is the amplitude that a state |z’) coincides with the state |x|. These

two states are distinctly different unless z = x’. The overlap of a position with the state « is

(@) = Ya(a’)

(I11.13)

This expression can be read as what is the amplitude that a state « is at x. Suppose you have a complete set of states

labeled by integers (an orthonormal set):

To see that this is truly the identity:

Lecture 5: September 16, 2011

Notes for the assignment:

(z) = / Pla, t)zds

P(z,t) = U (z,t)¥(x,t)

(I11.14)

(I11.15)

(I11.16)

(I11.17)

(I11.18)

(IT1.19)



1 ) )
U(z,t) = — x)e Wt 4 o (z)e w2t I11.20
(z,1) 7 (¢1(x) 2 () ) (IT1.20)

h2n?
Ey = hw = I11.21
V=t = 1T (1m.21)
Continuing with the lecture

(zla) = Ya(2) (111.22)
Blz) = a(x)* (II1.23)
|a) = ket, ”vector” (I11.24)
(B8] = bra, ”dual vector” (I11.25)

Dual vectors are the objects that come from the scalar product with kets.

(alB) = / e (@)bs(@)de (I11.26)

Aside (Cultural):The place where these are completely different objects are in differential geometry (general relativity).
The objects dual to vectors are called one-forms. Maxwell’s equals can be written in differential geometry language
as:

dF =0 (I11.27)
d«F=J (I11.28)

IV. HILBERT SPACE

Recall Cartesian 3-space. We have vectors:

Vv = (Vg, Uy, ;) (IV.1)
V = €,0; + éyvy + €0, (IV.2)

We say that (é;,é,,é,) form a basis that spans the vector space. In other words we can build any vector in the vector
space by a linear combination of the basis vectors.
Inner Product:

VU = UglUy + Uylly + VU, (IV.3)
Length:
SV = v (IV .4)

1. The Hilbert space(H) is analogous to this space.
The space is linear

For a constant ”a” a¢ is also in the Hilbert space
If ) and ¢ are in H then so is i + ¢.

2. There is an inner product
(@l8) = [ vi(@bs(a)da (1v.5)
3. Any element of H has a ”length”
(ala) =1lal® (IV.6)
4. H is complete: Every Cauchy sequence of functions (or states) in H converges to an element in H.

i.e. H contains the limit points)
To understand this definition we need to define the Cauchy sequence:
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Def 2. Cauchy Sequence: A sequence that as we go on in the sequence the difference gets smaller and smaller
between neighboring number.

Mathematically, given the sequence {z;} any e for some i:
|£L’i+1 — .’EZ‘ S € (IV?)

A Cauchy sequence can converge to a number that is not rational (the limit point can be outside the set). We
say the irrationals complete the rationals.

Lecture 6: September 19, 2011
A quick summary of the different notations is given bellow

3-D Representation Bro-ket
v-v=0 Ji(x)s(z)de =0 (a|B) =0
(éhé?aé?)) (1/)131/)23"") (|1>a|2>7|3>7"')

V=73 aié (b(x) = Z andn(z) |la)y =32, ann)
€€ =20, )Pz dm =Onm| (nlm) =0dpm
€nVv=a,| [ qzﬁn x)dr = ay (n|la) = a,

= am |m) (IV.8)

(na) =3 <7:L |am|m) (IV.9)
— i ) (IV.10)

= i AmOnm (IV.11)

=a, (IV.12)

Word of warning: Sometimes we choose basis sets in H that are labeled by a continuous valued label. An example of
this is the wave number: |k). This can be used as:

(x|k) = ™ (IV.13)

<k|/wx| <x|k> do = /O;(l)dx = (IV.14)

The reason the overlap is infinity is because the plane waves are non-normalizable.

V. HERMITIAN OPERATORS

Consider the operator A such that A |a) is also in H and <6|/1|a>. If there is another operator designated by Af
such that

</1T6|a> - <5|Aa> (V.1)
Then we say that A is the Hermitian adjoint of A (It does not mean that A is hermitian).
Simplest possible operator A = a (where a is some number)

(a'Bla) = (Blac) = a (Bla) = (a"Blo) (V.2)

Hence af = a*. i.e. the hermltlan adjoint of a complex number is its complex conjugate.
Consider the operator D=2

(iDa)= [~ devyo) 5 vato (v3)



By integration by parts:

_ WY [ o (5@ vt

The surface terms cancel due to normalization condition. Hence

Dt =-D
In the special case where
At = A
we say the operators are Hermitian.
Lecture 7 - Sept 21, 20111 Recall a% is not Hermitian, but ((%)Jf = —a%.
Consider
Aln) = an [n)
Then

<n ’A‘ n> = (nlan|n)

= ay (nln)

But if A is Hermitian then
<An|n> = (axn|n)
= ay, (n|n)

Hence a,, = a}, (an is real). Consider now

— ay, (mn)
But
() = (it
_ <Am|n>
= (amm|n)
= ay, (m|n) = am (m|n)
Therefore

If a,, # a,, then
(m|n)

Therefore eigenstate of Hermitian operators are orthogonal.

11



VI. FOURIER SERIES

Suppose f(z) is periodic with period 2. i.e. For some a and all n:

f(z +na) = f(x)

Then we can write

fz) = @+ 307 ay, cos(nx) for odd f
; S0 | by sin(nmz) for odd f

Where for all n:
2 2
an = / f(¢) cos(nmt)dt by, = / f(t) sin(nwt)dt
0 0

Exercise: Prove that any function can be written as a Fourier expansion
For any interval -L to L for a general periodic function:

10 = 5+ 3 (oucos (M55 husin (755))

Where

For an example consider the square wave:

a():l

1 s
ap = — / cos(nt)dt =0 It is an odd function shifted upwards
T™Jo

1 T
by, = 7/ sin (nt) dt
0

™

Therefore

The orthogonality statement

2m
/ sin (ma) sin (nz) = Tnm Unless m=n=20
0
2
/ cos (mx) cos (nx) = Tépm
0

2m
/ sin (mz) cos (nx) = Tdpm =0 Unless m =n = 2«
0

12

(VL1)

(VIL.2)

(VL3)

(VI4)

(VL5)

(VL6)

(VL7)

(VL8)

(VL9)
(VI.10)
(VL11)

(VL12)

(VL13)

(VL14)

(VL15)
(VL16)

(VL17)



13
VII. FOURIER TRANSFORM

Lecture 8 - September 23rd, 2011
The Fourier series of a function f is given by

P =D 43 ancos (L) 4 by sin (P (vIL1)
2 7; ( L ) ( L )
Where
L
an = %/_L f (%) cos (TT) dt (VIL.2)
1 b
b= 7 /_ f@ysin (T) dt (VIL3)
Explicitly:
1 1 T L T 1 n *° T
flx) = ﬁf(t)dt + 7 cos (%) [L f(¢) cos <nLt> dt + 7 nz::sin (%) [L f(t)sin <nLt> dt (VIL.4)

= % /LL f(t)dt + ii /LL f(t) cos (% (t — x)) dt (VIL5)

Now let L — oo (non-periodic function). Set
% = w (VIL6)

This is equivalent to making the spacing between neighboring w’s (Aw = ¥) goes to 0. i.e. w is continuous. In this
limit:

@) = % S Aw /Oo F(t) cos (w (t — 2)) dt (VILT)
n=1 -0

Notice the first integral went to zero due to the % dependence and no infinite summation over n. 1 Yoo Aw is just

the definition of an integral. Thus "

o) = % /0 " dw /_ " F () cos (w (t — ) dt (VILS)

Notice that in the integrand we have an even function of w. Therefore we can divide by 2 and change the w integral
to:

flz) = % /:)O dw /jo f(t)cos (w(t—x))dt (VIL9)

Now notice that the limits are symmetric so we can add an odd function of w in the integrand (it will just go to zero
anyways)

f(z) = % /jo dw /:’0 f(t)cos(w(t —z))+if(t)sin(w(t —x))dt (VIL.10)

_ % _Z duw /_Z ft)e =) g (VIL11)
RC) F(w)

= % O; e duw [ O; ft)e “tat (VIL12)

Each of these F are transformations on the function f(t). Whatever the first one does, the second one undoes. F is
called the Fourier transform of f(t). F~!(z) is the inverse Fourier transform of g(w).

-1

) Logw)  f(t) < gw) (VIL13)

g(w) is analogous to a,.



14

Lecture 9 - Sept 30th, 2011
Make up lecture Tuesday 2:30 pm.
Recall:

o) = /_ o; £() (;ﬂ /_ O; ei(t—WdM) dt (VIL14)

Definitions:

1 > —iwt
g(w) = T \/700 f)e *"dt (VIL.15)

We say that g(w) is the Fourier transform of the function f (t). The function

ft) = w)e“tdw (VIL.16)

~ v

is called the inverse Fourier transform.

A. Example: Finite Wave Train

sinwot [t| < =

ft) = {o o] N wo (VIL17)

The reason it is JZ—: is because sin wyt — sin (“"TI?T) = 0. Note that this is an odd function. Remember that

w

e = coswt + isinwt (VIL.18)

Since f(t) has a particular parity (i.e. is either odd or even) then only one cos or sin survive. The Fourier transform
can be split into two integrals:

2 (oo}
= \/7 / f(t) sinwtdt Fourier-Sin Transform (VIL.19)
™ Jo

2 o0
= \/7 / f(t) coswtdt Fourier-Cos Transform (VIL.20)
™ Jo

Since we have an odd function we only have to do the sin integral:

2 NTI'/W(J . .
w) = f/ sin wot sin wtdt (VIL.21)

NTr/w() 1
\/>/ (cos (wp —w)t — cos (w+ wp)) dt (VIL.22)
<sm(( O—w)Nﬂ'/wo) sm((woer)Nﬂ'/wO))
\/% wo — wo + w

Consider the case in which w > 1. Further lets focus on the region where w ~ wp. This allows us to concentrate on
the first term.

(VIL.23)

1 sin(wg — w) Nmw/wq

sw ~ VIL.24
9. o o ( )
Taking the limit as wg — w
1 Nr
lim g, = —— VIIL.25
lim g, () = = (VIL25)
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At what values does g;(w) vanish?

N
sin ((wo —w) ”) =0 (VIL26)
wo
= (wo —w) Nm_ nw (VIL.27)
wo
=Wy —w = % = Aw (VIL.28)

Thus the distance between nodes (node spacing) is wo/N. The width of the main peak is given by 2wy/N. The

Lecture 10 - Oct 3rd, 2011
Test 1: Nov 2nd
Test 2: Nov. 21st

B. Generalize Fourier Transforms to Three Dimensions

Recall the 1d definition
g(k) = / f(z)e *edx (VIL.29)

The three dimensional analog is

g(k) = (&)3 [ Z [ O; [ Z Fy, 2)e— % dudydz (VIL30)

VIII. MOMENTUM REPRESENTATION

(x]a) = Yo (x) (VIIL.1)
This is equal to probability amplitude to find a particle at position x for the state |«). Analogously,
(pla) = da(p) (VIIL2)

is the probability amplitude to find a particle with momentum p for the state |«). The functions 1, (z) and ¢4 (p)
are Fourier transforms of one another

FT

Ya(z) — dalp) (VIIL3)

The probability density in momentum (p) space is given by

Po(p) = ¢50a(p) (VIIL4)

The dimensionless quantity that represents the probability of finding the particle with momentum between p and
p+dp is:

Py (p)dp (VIIL5)

In three dimensions:

ba(p) = Wl)w / / / Vo (r)e!TP)/ gy (VIIL6)
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A. Example 1: Hydrogen in the 1s state

1\ 2
Y1s(r) = <3) e "/ (VIIL7)

Tag

Where a¢ = mh—; is the Bohr radius. Notice that the wave function is spherically symmetrical. Note if we want to
find the probability of finding the electron between radius r and r + dr is

s (1) ey (r)rdr (VIILS8)

The probability density is the greatest at the origin. However the radius of a spherical shell around the origin is so
small that the probability to find an electron at that radius is zero. The most likely radius to find the electron is ag.
However the most likely place to find the electron is the origin since that is where there are the highest density.

The Fourier transform of this functions turns out to be (not proven)

B 93/2 ag/2h5/2

<(p) = L — VIIL9
bulp) = = ol (viIL)
Notice the Fourier transforms are really different functions. The expectation value of position is given by
@ = [ v @i (VIIL10)
There are two ways to find the expectation value of momentum:
0= [ vl s (VIIL11)
Pl = oo i 0x ’
= / ¢*(p)po(p)dp (VIIL12)

B. Example 2:Harmonic Oscillator

The representations of the harmonic oscillator (ground?) state in position and momentum space are given by

¥(x) oc e~ (Vmk/@m)a? (VIIL13)
o(p) o eTvmE? (VIIL14)

Notice the functional forms are the same but one gets narrower as the other gets wider with «.

Lecture 11 - October 5th, 2011
Makelectures delayed to October 25, and November 1st

IX. COMMUTATORS

[A, B} — AB - BA (IX.1)
If {fl, B] = 0 we say the operators commute.
h 0
T, p] = - IX.2
= |5 5| (1X.2)

0 0 h 0 .



If {A, B] = 0 then one can find simultaneous eigenfunctions of A and B. Le.

Ay =\
B = N

If {A, B] # 0 then one cannot find simultaneous eigenfunctions.

The expectation value of the distance from the average value is given by

= {(a- (4)°)

This value is referring the uncertainty. To avoid confusion lets expand this definition:

< (4- <A>)2> = (42— 2A<A>2+ A2)

Remember its implied that there is some state «a at either end. i.e.

5= o (- (1) (- (4)) |

Call this term (f|f) where

likewise

A% = (glg)

Where |g) = (B - <B >) |a). But recall from mathematics the Schwarz inequality says:

(f1£) (glg) = [(flg)[®

Therefore

ALAG = (fIf) {glg) = [{fl9)I?

remember that in general (f|g) is in general a complex number. Lets call this number z. Then

Thus

Consider

17

(IX.6)

(IX.7)

(IX.8)

(IX.9)

(IX.10)

(IX.11)

(IX.12)

(IX.13)

(IX.14)

(IX.15)

(IX.16)

(IX.17)

(IX.18)
(IX.19)

(IX.20)



Hence

Example:

For momentum and position then:

Equivalently:

When none commuting operators correspond to observables, we can them incompatible observables.

2
a2a2 >

AA, > =

NS

Lecture 12 - Oct. 7Tth, 2011

X. HARMONIC OSCILLATOR (OPERATOR METHOD)

Recall the classical harmonic oscillator

= ¢ = Asinwt + Bcoswt

ka?
V=—
2

18

(IX.21)

(IX.22)
(IX.23)

(IX.24)

(IX.25)

(IX.26)

(IX.27)

(IX.28)

(IX.29)

(X.1)

(X.2)
(X.3)

(X.4)

The use of the harmonic oscillator model is that almost any potential can be approximated as a harmonic oscillator.
Now lets work with the quantum analogue. The Hamiltonian is given by

The S.E. is given by
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The key idea is to factor the operator p? + (mwz)? . Consider if we were factoring two numbers u and v:

u? +v? = (iu+v) (—iu +v) (X.7)
Lets define
a_ = ! (ip + mwax) ; ay = ! (—ip + mwz) (X.8)
V2w b ’ T V2hmw b '
Now if everything commuted then we would have H = a_a . However this is not the case as shown below:
= g (ip+ ) (—ip + mia) (x9)
a-ay = oo~ (ip + mwz) (—ip + mwz .
1
= i (p* + m*w?a® + imw (px — xp)) (X.10)
1
= 5 (p* + m*w?a® — imwih) (X.11)
= i3’-[ + L (X.12)
w2 '

In the future we require a;a_ so we may as well calculate it here:

1
= i i X.1
ata ST~ (—ip + mwz) (ip + mwx) (X.13)
_ 2 2. 2.2 . _
iy — (p* + m*w’z® — imw (pz — xp)) (X.14)
1 1.
=5 (H - 5w (zh)) (X.15)
1 1
= (th — 2) (X.16)
Rearranging gives
1
H = h(}.) <a+a_ + 2) (Xl?)
The commutator of ay,a_ is
1 1 1 1
[a+,a_} = <MH - 2) - (th + 2> (XIS)
=1 (X.19)
Hence
Hip = Evp (X.20)
1
hw (a+a_ + 2) = Evy (X.21)
Now suppose that we take
1
H (a/+’(/)n) = (G/J’_G,_ + 2) a+¢n (X22)
1
= hwa + &+1 P (X.24)

= (B + hw) at ¢y, (X.25)
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Hence the energy of the state acted on or “raised” by a. is increased by a factor of hw.
Now if we apply a_ continuously to some state 1) then at one point you will get the state with no particle there at all
(zero)

a_1P, =0 (X.26)
Hence
(ip + mwx) 1o = 0 (X.27)
2hmw
oY B
h% + mwzy =0 (X.28)
0
% - fm%x@b (X.29)
W = e (X.30)

XI. CLASSICAL HARMONIC OSCILLATOR

F=ma (XL.1)
—kx =ma (X1.2)
d*x
d*x 9
ﬁ + (A}OZL' = (XI4)
z(t) = Acosw,t (XL.5)
1 1
B(t) = 5mg‘c?(t) + 51«952(15) (X1.6)
Plugging the solution into the energy gives
L 29 . 2 L2 2
E(t) = §mA w; sin® w,t + §k‘A cos” wyt (XL.7)
1
= 5kA? (XL8)
Alternatively we can write
Lo 1, o 1, 9
5 + ka = 2kA (X1.9)
T =woV A% — 2 (XI.10)
The probability to be between x and dx is
dt
P(z)dr = (XL.11)
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Where T is the period of oscillation. The period is given by T = i—’: Thus:
dt

P = — XI.12
(@) = 773 (XL12)
2w, dt
= — XI.1
o (XT.13)
2w, dx
= — XI.14
2 T ( )
2w, dx
=— XI.15
2T wo/ A2 — 22 ( )
dx
= XI.16
VA2 — 22 ( )
The probability of finding the particle everywhere should be 1. Hence:
A
e xta)
—A
A
1 dx
— il =1 XI.18
[A TVA2 — 2 ( )
Let z = Ay, do = Ady.
A
A
A (XL.19)
AT\ JAZ Z A%y
A
1 dy
= e XI1.20
[ = (X1.20)
=1 (XI.21)

Note that the probability density is infinite at © = A, however its not a problem since the probability is finite (as it
must be since our probability density is normalized)

XII. TIME DEVELOPMENT OF EXPECTATION VALUES

Consider
<A> (XIL1)

In the x-representation for example we integrate this over all positions x. Hence the expectation value isn’t a function
of x. In other words:

d<d’:> — a§;> (XIL.2)
8$>;/Z%@M%@Mv (XIL3)
— /_ O; % (w;(m)A%) da (XIL4)
— [ Z &%t(fﬂ) Atpo(z) + 97 () aafti s wZ(m)Aawgt(x) dzx (XIL5)
Now the Schrodinger equation says that:
z‘h%‘f = Hi: —hag: = Hy* (XIL.6)
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Thus

< oprAy i~ h ,0A
/ o da:—/ h(fw A~y Al + =4 8tw>da: (XIL7)

— 00 — 00

Using representation free notation:

dif> = % <<}A1afloz> — <o¢|flﬁ|o¢> + % <a %f a>> (XIL8)
But the Hamiltonian is Hermitian. Hence
G () oat

In most cases %—‘? = 0. In other words we’re mostly interested in operators that don’t have explicit time dependence.

In this case

d<;> _ % <[HA}> (XII.10)

If [f[, fq = 0, then (Z—f =0 . Therefore if A commutes with the Hamiltonian then <121> is a constant of motion. As

an example consider the free case of V= 0. Then:

> g _ D
H} —0. =2 XIL11
b o (XIL11)
Hence momentum is conserved.
Now consider the non free case:
a- Py (XIL12)
2m
d@) gy =L 7oy (XIL13)
at R T TR\ 2m T T '
But V will certainly commute with x since V contains no derivatives but is just a function of x. Hence:
d{z) i /]p°
i .
= 5 ([P 2]) (XIL15)
0
= 5 \ PPz — xpp —pwp + pp (XIL.16)
(R RN
= 5= ([P, 2] + [p,2]P) (XIL17)
= 2’/:177: (—ihp — ihp) (XIL18)
- Q;m (—ihp — ihp) (XIL19)
= ) (XII.20)
m

This is an example of Ehrnfest’s principle which says that classical physics emerges as an average of quantum proba-
bilities. Next consider

[f}, p} = [V,p] (XIL21)

ov
yh—— XII1.22
ih o ( )
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but
d<A> ' <{H b > (XIL.23)
d = <8V> (XII.24)

This is Newton’s second law!

XIII. CONSERVATION LAWS

e In classical physics one can show that the invariance of physics under time translations leads to energy conser-
vation.

e In a previous lecture we have derived the time evolution operator:

—iHt
U = exp < Zh ) . yt=y-! (XIIL1)
Consider the expectation value of a time evolved state a:
(Ua|H|Ua) = {a|UTHU| a) (XIII.2)
Note that
Ht (—iHt\" 1
U = exp (—iHt/h) =1 — i + [ St (XIIL3)
h h 2
Hence U commutes with H. Thus
(Ua|H|Ua) = (o |H| o) (XIIL.4)

So the expectation values of H is constant. In other words

d(E) _
=0 (XIIL5)

This conservation of the energy. This can also be shown by the formula derived in the previous section for the
expectation value of an operator.

Consider any old function:

P+ = @) + 1) (©) + () (€) + - (XIIL6)
0
= exp (6 833) f(z) (XIIL.7)
Consider the operator we just derived:
_ 9\ h 0
T = exp ({ax) exp (h : 83:) (XIIL.8)
= exp (;fﬁ) (XIIL.9)

Comparing with the time evolution operator we infer that this is the spatial translation operator. Alternatively by
looking at the definition you can see that when you let the operator act on some function f(z) and it brings you to
the function f(x + &).

A2

For the free Hamiltonian H = i

[T, H} -0 (XII1.10)
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Therefore

<‘£> =0 (XIIL.11)

Thus invariance under spatial transformation gives us momentum conservation.
Now consider rotations:

f(@) = f(¢+ Ag) (XIIL.12)
— exp (;A¢?6iz§) (&) (XITL13)
= exp (;AQSI:Z) (XII1.14)
Define this operator as
R(A¢) = exp (;ML;) (XTIL.15)

This operator rotates the function by an amount A¢. If the rotation operator commutes with the Hamiltonian then
angular momentum will be conserved. i.e.

L., H]=0= 2 <stZ> =0 (XIIL16)
Next consider the parity operator (P).
Pf(x) = f(—=) (XIIL.17)

If f(x) = f(—=z) then we say f(x) even. If f(x) = —f(—x) then we say that f(z) is odd. For even f the eigenvalue of
P is 1if f is odd then the eigenvalue of P is —1. If

[P,H| =0= %? =0 (XIII.18)

Weak interactions violate parity conservation.

Lecture 15: October 21st, 2011

XIV. TUNNELING

Test 1: November 1
Make up lecture is in room HNE on Nov. 1st, Nov 8th
Consider the potential

< —a V=0

V=< -a<zxz<a V=V, (XIV.1)
T >a V=0
Consider particles coming from the left
—h? d*y
_— =F XIV.2
o dgz T VY =EY (XIV.2)
For x < a:
—h2 d2
id = Ey (XIV.3)

2m dx?
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Particles from left  Particles from right

" - 77/2 k2
Y= AeT 4 Bethr . p=_—1 (XIV.4)
2m
We keep both terms because particles may reflect back off the barrier.
In the region —a < z < a:
—h? d*y
-~ 4+VaW=E XIV.5
5 gz T V¥ = EY ( )
Bring the potential to the other side we have the same equation we have before with a new k:
Particles from left  Particles from right
Y= Cekr 4 peiker (XIV.6)
Where ky = 22 (E — V).
Inz>a
—h? d%y
———¢Y=F XIV.7
5 g2 ¥ = BV ( )
Particles from left  Particles from right
" - h2 k2
p= Gk 4 Qe . p=_— 1 (XIV.8)
2m
But here we can’t have any left movers, thus
Particles from left
- h2k?
p=  Fehr o B= (XIV.9)
2m

In this situation we can choose the energy E and |A\2. E corresponds to the energy of the particles and |A|2 corresponds
to how many particles per second are incoming. B,C,D, and F are output that we get from the boundary conditions.
We require continuity of the wavefunction as well as first derivative in order to have continuity of the second derivative
(for S.E.).

The boundary conditions are (where the points where the S.E. was solved now correspond to the labels, LI, and III):

Yr(—a) =vYr(—a) (XIV.10)
Vi(—a) = ¥i;(-a) (XIV.11)
Yri(a) =Yrrr(a) (XIV.12)
Yir(a) =Yy (a) (XIV.13)

All we really care to know is the transmission and reflection coefficients so we may as well set A = 1. If A =1 then
we know that

1=|B)* +|F (XIV.14)
The boundary conditions tell us that
e—ika 4 peika _ cp=ka | peikaa
ik (e_kla - Beikla) = iko (Ce_’”a - Deik?a)
Ceik2a | De—ikz2a _ poikia
tko (C’eik?a + De‘ik?a) = ik Fet*re

These equations can be solved using Mathematica. Switching to dimensionless variables: Define y = E/V, and
8ma’V,

n = 5= the transmission coefficient comes out to
T = SN XIV.19
B sinh2( 17y) 1 ( ’ )
-yy

The points where the transmission is one are called transmission resonances. The transmission function in different
regimes is shown in figure 2.
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T(Ly) T(10.y) T(100.y)

T(10000,y)

T(1000,y)

08

06

04

02

FIG. 2. The transmission function in different regimes 7' (1,y). The greater the value of n the more classical the transmission

function

Perfect Reflection Some Reflection
P(x") P(x)
4 25

X

-5 -4 -3 -2 -1 1 2 -5 -4 -3 -2 -1 1 2

Perfect Transmission

P(x)

20

05

Lecture 16 - Oct. 24, 2011
The probability density for different types of transmission are shown in figure 3 Note that on a test we may be required

to sketch these probability densities for different amounts of reflection or transmission.



XV. ANGULAR MOMENTUM

Classically:
L=rxp

Ty Zz

= det T Yy z

Pz Py Pz

=& (yp. — ypy) + 9 (2px — xps) + 2 (xpy — Yp2)
Quantumly:

h 0 h 0
Ly=y—— —2——
v =Y 10z Zi y

The 3d operator angular momentum operator can be written

h
L:frxv
7

In order to find the following commutator makes use the the commutator:

[P, f(2)] = (P2 f(2)) + fPe — [Pa
:pacf(x)

(Lpy Ly = LyLy — Ly Ly

= (yp= — 2py) (2ps — wp2) — (2px — wp2) (Yp. — 2py)

h h
= ~YPx — T TPy
1 1

=1hL,

Exercise: Do this . The commutators can be summarized by the following

[Li, L;] = ihe* Ly,

Where the symbol €% is called the Levi-Cevita and is defined as

1 ijk cyclic
€*={ -1 ijk anti-cyclic

0 otherwise

Lecture 17 - October 26th, 2011
LP=L2+L)+L2

Using this it is straightforward to show that

[Ls, L]
Ly, L]
(L2, L7]

0
0
0

27

(XV.9)
(XV.10)

(XV.11)

(XV.12)
(XV.13)

(XV.14)

(XV.15)

(XV.16)

(XV.17)
(XV.18)
(XV.19)
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We can pick a component (typically we pick L,) and find simultaneous eigenfunctions of L., L.

Note on notation: L is used for orbital angular momentum while S is used for spin angular momentum (intrinsic). J
is used for total angular momentum e.g. L + .5, L1 + Ly. No matter what the type of angular momentum we are
dealing with is, L, J, or S the commutation relations are identical. e.g.

(o, J,] = hJ. (XV.20)

Define the ladder operators as:

xva
xva

List of commutation relations:

[J., J4] = Ry (XV.23)
[J., -] =—hJ_ (XV.24)
[J%,J4] =0 (XV.25)
[J2,J_] = (XV.26)
Further we can show that
JP=Jzde + J2ERJ, (XV.27)
[Jy, -] =2hJ, (XV.28)
Let
J, Im) = mh|m) (XV.29)
Consider
T (i bm) = (W + T4 J2) b (XV.30)
= hJy + Jymhom, (XV.31)
=Jy(m+1)hJ o (XV.32)

Thus the state J; ¢y, is an eigenfunction of J, with the eigenvalue A (m 4 1). Thus J is called a raising or ladder
operator.

i Om X i1 (XV.33)
J—m X 1 (XV.34)
Now
[J2,J.] =0 (XV.35)
Therefore
T2 = B2 K>y (XV.36)
Where K is some value (not yet known). Consider
Jy TP = JL B2 K26, (XV.37)
= WK ], b (XV.38)
x W2 K? Gyt (XV.39)
J. ¢ has the same eigenvalue as J2.
(J2) = hK? = (J3) + (J7) + (JZ) (XV.40)
= (J2) + (J}) + h*m? (XV.41)

(XV.42)
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Now <J§> and <J§> are positive definite quantities. The proof of this is shown below. Here |a) is some state in the
J, basis and |a) is some state in the ¢ basis, J! is the operator is the diagonalized basis and U is the matrix that

diagonalizes .J,.

(a] J? |o)
= (a|UTUJUTUJ;UTU |a)
= (/| J]a)
ji

() =

Where here j; is the eigenvalue of J;. Thus <JI2 > and <J5> are positive definite which means that

R*K? > h*m?
and hence
[K| > |m]
This means that a given sequence of m’s must lie between |K| and — |K|. Therefore

J+ |mmm> = O
J_ |mmin> =0

I Mimae) = (J7 + J; + J2) |Mmaz)

J J_ I —J_\?
(( L+ <+> +Jz2> [Mmaz)
21
1
4
1
2

JJFJf + J_ J++J+J + J_ J+)|mmaz>

(T d= 4 T T+ 272) [Mmaz))
R K? mimaz) = (hJ. + J2) [Mimax)
Similarly
RPK? = RPMumin (Mpin — 1)
Solving these equations says that
Mmaz = —Mmin
or

Mmin = Mmaz + 1

(XV.48)

(XV.49)
(XV.50)

(XV.51)

(XV.52)

(XV.53)

(XV.54)
(XV.55)

(XV.56)

(XV.57)

(XV.58)

We can throw out the second solution on physical grounds (we can’t have a maximum m be smaller then the minimum

m).
Therefore if my,q, = j (define j this way) then m,,;, = —j and therefore

m = (7].7 7‘7. + ]-a"'aj - ]-aj)

J?m) = 1% (j + 1) [m)

XVI. ORBITAL ANGULAR MOMENTUM

Now lets specialize to eigenfunctions of orbital angular momentum.

L2¢lm = th (l + 1) ¢lm
Lz(mm = mh¢lm

(XV.59)

(XV.60)

(XVI.1)
(XVI.2)
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We want explicit constructions of ¢;,,,. Recall:

h( o o
=" (‘ray _ yax) (XVL3)

We could proceed in this way but its more natural to move to spherical coordinates. The coordinate system is shown
in figure 3 Exercise: Transform L, into spherical coordinates. This can be found by finding the transformation from

z
theta
-
£ , y
<L /
p']i \\\\ ///
NIV
_______________ /
X
FIG. 3. The spherical coordinate system
x r
y | =1 0 (XVI1.4)
z ¢
and then taking the inverse of the transformation. This gives the following
0 0 sinfsing\ 0 cosf \ 0
— = (sinfsi — — | = — XVIL
oy (sin@sin @) 8r+< " >69+<rsin9> 99 (XVL5)
0 ) 0 cosfcosgp\ 0O sing \ 0
— = (s 5 ) — —_— | = - — XVIL
pe (sin 6 cos @) 87”+ ( " ) 50 (rsinﬁ) 90 (XVI.6)
By substitution (ideally blended with astute observations)
h 0 0  rsinfcosgpwd  rsinfsingsing I
L,=-(0=— — - . — XVL
i (08T+089+ rsinf T rsin 6 00 (XVL7)
h 0
=—-— XVI.8
1 00 ( )
The other operators are not as compact
L, =ih [ — cos ¢£ + cot ¢ sin ¢£ (XV1.9)
v 00 d¢ ’
L, = ih | sin d)é + cot 0 cos qﬁi (XVI.10)
S ) ¢ '
LP=L2+J+J; (XVI.11)

TN O S ) (I
=n (smeae 056 )t e 02 (XVL12)



LG = RPL(1L+ 1) ¢um,
Lz¢lm - mh¢lm

The solutions to the differential equation is

Gm (0,0) = Yim (0,¢)

The spherical harmonics are properly normalized:

/mm (0.0)d0 =1

L.Yim (
= Y (

0,6) = mhYiy, (0,9)
0, ¢) o e™?
Singlevaluedness of these solutions forces

ezmg‘b _ 61m¢+zm2ﬂ'

Hence

e2z'm71' -1

In other words m € Z. In order to keep the ¢ component normalized we require that the ¢ component is

1
V2T

imeo

€

Now subbing into the spherical harmonics says that

e™m?O ()

Plugging this into
LY, = B2 (1+1) Yy,

N ﬁ (;9 (sined(zé@))) + (l(l+ 1) - si::f@) e(6) =0

This is an ugly differential equation. Define

u = cos@

OO)im = P (1)

Where these are the associated Legendre Polynomials.

m m m/2 d™
PP () = (=)™ (1= )" 2P ()
1
Where P;(11) are the Legendre Polynomials defined as
1 d o, l
Py(p) = At dl (1*—1)
The first few Legendre Polynomials are
Po(p) =1
Pi(p) =p
1 32 — 1
Po(p) = o~ (0 =207 +1) =

31

(XVIL13)

(XVI.14)

(XVL15)

(XVL16)

(XVL17)
(XVL18)

(XVI.19)

(XVI.20)

(XVL21)

(XVI.22)

(XVI.23)

(XVL.24)

(XVI.25)

(XVI1.26)

(XVL27)

(XVL.28)

(XVI1.29)
(XVI.30)

(XVI.31)



P1

The first few Associated Legendre Polynomials are

32

Py(u)=1=1 (XVIL.32)
Pio(p) = p = cosf (XVI.33)
Pii(p) = —/1— 2 = —siné (XVI.34)
Putting this all together we can write the spherical harmonics.
Yim (0, ¢) (XVL.35)
with
LY, = 21+ 1) YVi; L.Y}, = mh (XV1.36)
Yim (6, 9) = <2147t : 8 . Z;I ) " P (cos ) eim (XVL37)
The spherical harmonics are orthonormal:
[ ¥ 0.6 Yo 0.6 42 = 8y (XVL38)
Due to the phase we have
Viem = (=1)" Y5, (XVL.39)
The first few are tabulated below
Yoo = 7=
Yi1= —% (%)1/2 sin fe'?
Yio=3(2)"?coso
i1 =1 (2) P singe¢
In order to plot these we can plot |Y,,| and set |Y},,| = r. In other words the distance from the origin begin

large implies that the function is large (note this is only for plotting purposes). Its important to note there is no ¢

dependence. So the plot is independent of the angle in the x,y plane.

XVII. HYDROGEN

h? V2 1 ¢*Z

H=—-——V*"—
2m dme, T

(XVIL1)



O

FIG. 4. Spherical Harmonics

In this class we will use cgs units:

[t h? o2 1 ¢*Z

C2m B dme, T

Note that V' = V(r) so its natural to go into spherical coordinates. Thus

FIG. 5. The Hydrogen potential energy

L2

2
2_10(,0\ 1(1 0 0 1 &
v T r20r " or +r2 sin98981n989+sin2989

oo 10,0 I

2m C2m 2 8rr or  2mr?
2 L2
_ b +
2m  2mr?
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(XVII.2)

(XVIL3)

(XVIL4)

(XVIL5)
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Theorem: The ground state of a system has the full symmetry of the problem.
This lovely coincidence that L? showed up was of course not actually a coincidence.

L? = (r xp)? (XVIL6)
=r?p> — (r-p)? (XVILT)
r2p? = (r-p)? + L2 (XVILS)
P (r- p)2 2.2
L
= p)+ 5 (XVIL10)
2 2
Pr (XVIL11)

T om " 2mr?
Thus

<p£ P Zfz) b (r,0.6) = B (r,0,9) (XVIL12)

2m  2mr?

Using the relation [L2, H ] = 0 (easy to see by looking at the Hamiltonian term by term), we know that they share
eigenfunctions. Hence

¥ (r,0,9) = R(r)Yi, (0,9) (XVIL13)
Note it is always the case that if V = V(r) then ¢ = R(r)Y;n (6, ¢).

Lecture 18 - November 1st, 2011
Recall (switched to MKS)

10 (5,0 L? Ze?
(_2mr28r (7" 87“) T o 47T607’> ¥ (r,0,9) = E¢(r,0,9) (XVIL14)
Since we have a central potential (i.e. V =V (r)) we can write ¢(r) = R(r)Ym, (6, ¢)
Hy = Ev
H L’ =0= XVIL15
[#, L] {L2¢_h21(l+1)¢ ( )
Plugging in ¢ (r) = R(r)Yim (0, ¢) into our equation.
219 (,0\ 1(1+1) Ze
<‘zmraar ( ar> o 4mor) R(r) = ER(r) (XVILLE)

Note we have reduced a 3D problem to 1D. Introduce a new function U(r) = rR(r) to simplify the differential
equation. This gives

o R+ e 1
( + - = r) U(r) = EU(r) (XVIL17)

2m dr? 2mir?

The nice thing about this equation is that this looks just like 1D quantum mechanics in the variable r, but the
potential term is an effective potential given by

RA(l+1 e?
Verp(r) = (+1)

_ XVII.18
2mr? 4de,r ( )
Note that when [ = 0 The potential is just the Coloumb potential. The effective potential is shown in figure 6 What
is the natural scale for this problem? We can build the scale from the constants in the problem:

i 7 [1] =2 (XVIL19)

4re,

ML21? T3
| ] =+

[M]* { T 75 (XVIL.20)
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A \Angular momentum

Y

Coloumb

Centrifugal Barrier

FIG. 6. The Effective potential of Hydrogen

So we know that

a+B+v=0 (XVIL21)
—B—-2y=0 (XVIIL.22)
264+2vy=1 (XVIIL.23)

The solution of this set of equations is
a=-1 (XVII.24)
p=2 (XVIL.25)
N=—1 (XVIL26)

Thus
dme,h?
L] = "0l —0.53x 10" m =a, (XVIL27)
me

Note that with little work we already know the natural scale for atomic systems (A).

Its also convenient to introduce
—2mE 2
K =1/ mn ; p = KT Po = (XVIL.28)
h Aok

With these changes we get

dQ’U po l (l + 1)
—=(1-"_= XVIL29
dp? < P N P ( )
Consider p — oo.
d2
d—p;’ v (XVIL30)

= u(p) = Ae " + Be” (XVIL.31)



B must be zero due to normalization requirements. Now consider p — 0:

d>v (I +1)
gv_tvray
dp? Pz
u(p) _ Cpl-H “V‘M
Where for normalization we require D = 0. Substitute u(p) = p'*le~'v(p) into the radial equation
2

d
Ct2(+1-p) 2

pr2 dp+(lo_2(l+1))7):0

Frobenius method gives that the result is the associated Laguerre polynomials.

q—p dz
L,=¢€" (d%)q (e7*x7)
Lo=1
L1 =1—x
Lo=2a2%2—4z+2
LY =1
LY =—2+1

Reassemble our radial wavefunctions:
1 9
]E”l Tﬁl 16 Lnl7l171(2;()

= T

Where K = -1 p = The energies are
aon

Ey
E, )
Where
1 e? 1
By = ——mc?a?; = N —
! mea @ dre,he 137

« is called the fine structure constant. It is a measure of the electromagnetic interaction.

November 7th, 2011
The radial equation is

2L+ 1) R(r) = ER(r)

2mr? dme, T

10 (,0
(—Qmmro" m)*h
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(XVIL32)

(XVIL33)

(XVIL34)

(XVIL35)

(XVIL36)

(XVIL37)

(XVIL38)

Notice that the only place were we have [ dependence is in the middle term. Also notice that there is no m dependence
in the Schrodinger equation. This reflects the fact that our problem is rotationally invariant. m measures the projection
of [ into the z axis and our choice of z is arbitrary. We can break this rotational symmetry (by for example adding a
magnetic field) in this case the energy would depend on m. Note there has been a change in notation (at least with

his online notes):

dme,h? .
p = 2KT; ay, = 7T€02 = 0.534; K=
me

The new differential equation is

(XVIL39)

(XVIL.40)
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Where n = ——. The result is

u(p) = p!te " u(p) (XVIIL41)

Using the Frobenius method we find that we don’t have well behaved solutions unless the series Frobenius series
terminates. The ones that are finite are the Laguerre polynomials. They occur when n is an integer. Now we can
find the radial term:

Ru(p) = ple L2 (p) (XVIL.42)

Notice that the R,,;(p) depends on n and ! and we call n the principle quantum number.

1 mc2a? e2 1
E,=—- ; = N — XVII.43
2 n2 = Ame,he 137 ( )
Notice the eigenvalues don’t have any angular dependence! Thus two very different eigenfunctions

1\%? r
Ry = () (2 - ) e~T/2a0 (XVII.44)

2a, Qo

3/2

1 1 T
Ry=(=—) —=(—)e /2w XVIL45
o= () () vty

have the same eigenvalues! This mysterious degeneracy in the eigenvalues is due to a hidden symmetry in the problem.

R10

R21

Y

R20

FIG. 7. The Radial terms of the Hydrogen wavefunction

/ V1 Unim 2 810 0drdOdd = 8,11,0110mm (XVIL.47)



The radial probability distribution is
P(r) =Ry (r)
For the state 1s state:
Pro(r) =12 Ri,(r)

To find the maximum we take the derivative and set it to zero:

dr

2z 2
rens — —e /% =)
Qo

2
(7“ — r) e 2r/a0 =
o

This is zero at » = 0,7 = 00,7 = a,. It is a minima at co and 0. It is a maximum at a,.

(ry = /Rlo(r)rRlo(r)Ter

= / Piordr
0

Where Pjo(r) is the radial probability distribution.

Define ¢ = 2r/a, — dx = 2dr/a,

I
=&
N

Another interesting quantity is

r)=(@) 2+ Wi+ (279
=0
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(XVIL48)

(XVIL.49)

(XVIL50)

(XVIL51)

(XVIL52)

(XVIL53)

(XVIL54)

(XVIL55)

(XVIL56)
(XVIL57)

(XVIL58)

(XVIL59)
(XVIL60)

This must be zero since we have reflection symmetry. This is true for all Hydrogen eigenstates (but not for the linear

combinations)

Lecture 19 - November 19th, 2011

XVIII. MATRIX MECHANICS

Consider some basis set

Bl = (¢1; ¢27 ceey ¢n)

We have already encountered some basis sets

(AnHa ()" ?)
(Rnl (T)}/lm((z)v 9))

(XVIIL1)

(XVIIL2)

(XVIIL3)
(XVIILA)
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Recall in Dirac notation

@) = In) (n]a) (XVIIL5)
(n|o) = ay, (XVIIL6)
) = an|n) (XVIILT)

Knowing what basis B and all the a,, is equivalent to knowing |a).
Consider an operator F (arbitrary). Let

Flo) = |a) (XVIILS)
Now lets construct (g|a). Where |¢) is some basis state.
(gle) = lg|F[a) (XVIIL9)
=> (q|F[n) (n]a) (XVIIL10)
ag =Y Fyna), (XVIIL11)
Where we have defined
Fyn = (q|F|n) (XVIIL12)
= /QSZFandr (XVIII.13)
We call Fy,, a matrix element.
ag =Y Fynal, (XVIIL14)
n
aq F11 F12 Clll
F21 F22 a’2 (XVIIIl5)

R
N)
Il

We also call F,, the matrix representation of the operator F.

Consider
G |n) = gn|n) (XVIIL.16)
This is an eigenvalue equation.
g1 0 O
G=]10 9 0 (XVIIL17)
0 0
The eigenfunctions are just
0
In)y =11 (XVIIL.18)
0

Recall some matrix properties
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. Matrix multiplication:

(AB),, =Y AnpBpg (XVIIL19)
p
. Inverse:
ATA=T (XVIIL20)
_ 1 -
AT = Ay Aag = Apfaciors Acop = (=1)7 My (XVIIL21)
. Determinant:
det(4) = 3 sen(o) [T Aiom) (XVIIL22)
g€Sy i=1

Where o is the particular permutation. .S, is the set of permutations. sgn(o) = +1, —1 depending on if we have
an even or odd permutation.

. Symmetry: If

AT = A (XVIIL.23)
Then A is symmetric. If
Ar=-A (XVIIIL.24)
Then A is antisymmetric.
. Trace:
Tr(A) =Y A (XVIIL25)
. Hermitian Adjoint:
Al = AT (XVIII.26)
Al = Ar, (XVIIL27)
For Hermitian operators:
At =4 (XVIIIL.28)

The proof of Hermitian operators corresponding to real numbers in terms of matrices is straightforward. It also
shows that Hermitian operators correspond to Hermitian matrices. Exercise try this!

. Unitary:
Ut =uv-1 (XVIII.29)
We have seen one unitary operator already. The time evolution
etHE/R (XVIIL30)
The importance of unitary operators is that they maintain inner products.
(Bl = (UB|Ua) (XVIIL.31)

= (B|UTU| o) (XVIIL32)
= (Ba) (XVIIL33)



How operators transform?

UFU )y =UU B

Hence

Fla) =|B)

FU o) = U7 |8')

F'lo') = |B)

F' =UFU!

Lecture 22 - November 11, 2011
Recall the harmonic oscillator

B=e 2 (A,H, (&), A Hy (€), ...)

Where £2 = 3222, B2 = =22, Another way to denote the basis is

B=(|0),[1),[2), )

The action of the Hamiltonian
Hn

In this basis the Hamiltonian:

)

3o
0

(n + ;) hwo [n)

Do

0o ..
hw, 0
0

Since we are in the eigenbasis We see that H is diagonal. Now consider

We can evaluate these matrix elements:

T = /AmHm(g)xAan(g)dx

T

mn = (m|x|n|

However alternatively we can be clever and use ladder operators.

ay =

a_ =

a4 |Tl

a_|n

V2hmw
1

)
)

2

=(n+1)

1

hm

(

(—ip + mwx)

(ip + mwx)

S

n1/2> |n — 1)
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(XVIIL34)

(XVIIL35)

(XVIIL36)
(XVIIL37)

(XVIIL38)

(XVIIL39)

(XVTIL.40)

(XVIILAL)

(XVIILA42)

(XVIIL43)

(XVIIIL.44)

(XVIIL45)

(XVIIL46)

(XVIILAT)

(XVIIL48)
(XVIIL49)
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We can write the x operator as

11

r=—=—=(a_+a XVIIL50
733 ( +) ( )
What is the a4 matrix?

(@4 ), = (M| ag |n) (XVIIL51)
= (m| (n+1)"*|n) (XVIIL52)
=(n+ 1)1/2 (mn + 1) (XVIIL53)
=(n+ 1) Omnt1 (XVIIL.54)

(@-)yn =101 (XVIIL55)
Now we can construct the x
01 0 O
10 v2 0 0
11
=3 0v2 0 V30 (XVIIL56)
00 V3 ™. =~
This is a tridiagonal matrix.
For bonus marks: Find the eigenvectors of this matrix numerically using Mathematica.
What is aya—
00 0
01 0
_ = XVIIL57
ara 00 2 ( )
This is simply the number operator. Thus we can write
1
H = hw, (N + 2) (XVIIL58)
Angular momentum:
[L*,L.] =0 (XVIIL59)
L2 lm) = R2L (1 + 1) |Im) (XVIII60)
L. [lm) = mh|lm) (XVIIL61)
00000 O
02000 0
) ,[ 00200 0
L =h 00020 0 (XVIIL62)
00006 O
00000



000 0 0 0
010 0 00
,|] 000 000
L:=h1000-10 0
000 0 2 0
000 0 0°

L,y =L,+iL,

L =1L,—iL,

Lill,m)=(1Fm)Ixm+1)Y2|,m+1)

m| Ly l'my = (U Fm/) (' £ m’ + 1) Ry 6y i

Let’s look at the [ = 1 subspace:

The eigenvectors of L, are

1
i=1,m=1)=| o0
0

Y

200
L*=r*|lo020
002
PR
V2 010
T = = 2 —1
2
V2 0 i 0
10 0
L.=h|l 00 0
00 —1
0
l=1m=0=]1|; [l=1,m=-1)
0

Lecture 23 - November 14th, 2011
On the test:

e Tunneling
e Angular momentum

e Hydrogen

43

(XVIIL63)

(XVIIL64)
(XVIIL65)

(XVIIL66)

(XVIIL.67)

(XVIII.68)

(XVIIL69)

(XVIIL70)

(XVIIL71)

(XVIIL72)
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The eigenvalues of L? are 2A% (the same for all m). To diagonalize L, is to

Lov = v (XVIIL73)
(Ly — A)v =0 (XVIIL74)

One solution is the trivial solution v = 0, but this isn’t interesting. To get interesting solutions:

det (L, — \) (XVIIL75)
h
A0
det | s XA J5 | =0- A (N —R?/2) + AR%/2 =0 (XVIIL76)
h
0 -

This gives eigenvalues are 0, £h. To get eigenvectors plug \’s back in. Plugging in A\ = h:

h
—h 7 0 v
I —h s vy | =0 (XVIIL77)
B
0 7 —h U3
1
-1 V2 0 V1
h % —1 % ve | =0 (XVIIL.78)
1
0 7 -1 U3
Solving the systems gives the following eigenvalues:
1 1
)\:hiﬁ V2 (XVIIL.79)
1
1
A0 | o (XVIIL80)
V2
-1
1 1
A=—-h— 3 -2 (XVIIL.81)
1
The transformation is a Unitary Matrix (as expected):
L V2o
U =3 V2 0 =2 (XVIIL.82)
1 —v2 1
In order to diagonalize L,:
L V2o p(010), 1 v2 o1
ULIU*:5 V2 0 —V2 7 101 |3 V2 0 =2 (XVIIL83)
1 =2 1 010 1 —V2 1
100
=h]l 00 O (XVIIL.84)
00 -1
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In terms of spherical harmonics what are the eigenvectors? Thus the eigenvector for A\ = h:

1

1 1
5| V2 | = 5= (1060 + VIi0(0.0) + Yim(0.0)) (XVIILS)
1
=1\ - (sinfe™*® + 2cos § + sin fe'?) (XVIIL.86)
1 /3 .. .
=3 / Py (cos + —isin @ sin ¢) (XVIIL8Y)
T
1 3 2 .2 -2 .
P(¢,0) = o™ (cos® 6 + sin? O sin” ) sin 6 (XVIIL.8Y)
T
/ P(¢,0)d0ds = 1 (XVIIL89)

Notice that since these aren’t eigenfunctions of z we know longer have rotational symmetry of ¢! Now we can check
whether this truly is an eigenfunction of L, = ih (sin ¢% + cos 0 cos qﬁ%). Notice that finding the eigenfunction of

this operator is very difficult without the matrix formulation.
L,|1,1), =h|1,1), (XVIIL.90)

Note that these are m = 1 eigenfunctions in the x basis.

XIX. SPIN

Spin is the intrinsic angular momentum of a particle. There is no coordinate representation for spin since it doesn’t
exist in real space. We will construct the matrix representation. We still expect the angular momentum commutation
relations to hold. For example

[Sz,Sy| = ihS.; (XIX.1)
or more generally we expect
S;, S;] = ihe* Sy, (XIX.2)
We can define
St =8z +1iSy; S_ =8, —-18, (XIX.3)
We expect S* = S2 + S? 4 S? to obey
S%|s,mg) = s (s + 1) 1% |s,my) (XIX.4)
S:ls,ms) = mg |s,ms) (XIX.5)
(XIX.6)

Where ms = (—s,—s+1,...,s — 1, 5). Pions, mesons, etc all carry s = 0. Electrons, protons, neutrons, neutrinos, etc.

all carry s = % The force carriers such as photons, W and Z bosons, gluons, carry s = 1. The graviton (if it exists)

carries s = 2. We will focus on spin half objects since all stable matter is mostly made up of spin half particles.

11, 13,11

S22y = 10p2Z 2 XIX.
1550 =337 15:3) (XIX.7)
11, 1,11

S.|=, =)= =h|=, = XIX.
350 = 5hl505) (XIX.8)



Recall
Lollm)=h((l+1)—mm=E=1)"?[l,m+1)

9= (63 G)

Lets denote |1) — |a), [4) — |8)-

To construct the S, matrix:

46

(XIX.9)

(XIX.10)

(XIX.11)

(XIX.30)

(XIX.31)
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1 0
la) = <0> ;1B = ( ) ) (XIX.32)

o= (03,04,0) (XIX.33)

We can write S = %a. Where

52 =82+57+52 (XTX.34)

_ 2 (; N 1) % <(1) ?) (XIX.35)

3(10
_ 23 XIX.36
4 (o 1) ( )

Hence any two component vector is an eigenstate of S2?. Note that these spinors are not a vector in the sence of R?
or R?. Of course its a vector in Hilbert space. The geometrical meaning is not a 2D or 3D geometrical vector but its
a new geometric object called a spinor. Geometrically there are scalars, vectors, and tensors. Spinors fit in between
scalars and vectors. Under rotations spinors do not behave trasnform like vectors but like spinors.

h? 01 0 —i 0 —i 01
s (0 (0 (0 (00 —_—

=0 (XIX.38)
Doing this for all directions:
{5z, 5y} =0 (XIX.39)

Where {, } is the anticommutator. This relation implies the Pauli-Exclusion principle.

Spin has many important consequences. The electron is charge. Can think of electron as a spinning ball of charge
(though this is a very incorrect picture). Thus we have a current loop and hence a magnet. The electron has a
magnetic moment. The potential associated with this magnetic moment is

V=-—p B (XIX.40)
Where
p=—8 (XIX.41)
mc

Lecture 25- November 16, 2011
There was a small change in the notes:

1 V2 1
U:5 V2 0 V2 (XIX.42)
1 V2 1

If you compare this with L, you can see that
U=I+ilL,— L. (XIX.43)
But
e"tv = I 4 isinfL, + cosOL. — L’ (XIX.44)

is the rotation operator for rotations. If § = 7 then this is just the U!. This makes sence since the matrix that
diagonalizes L, can be interpreted as a rotation about the y axis.



XX. ADDITION OF ANGULAR MOMENTUM

Examples
An electron with both orbital and spin angular momentum:

J=L+S
Two electron system (e.g. Helium):
J=S5,+8S,
We will now consider two electrons:
J? = (81 +8,)°
Where the subscript denotes which electron we are talking about.
[S1,52] =0
Since the operators act on completely different spaces.
J? =87 +83+25,- 5,
but
(S1 4 S2)% = S+ 52 +25, - S,
Which implies that
2818y =5115 2+ 5154 2+25,15.2
Hence

JP =S+ S5+ 5,15 0+ 5- 154242515

5+_h<01>; S—h<00>
00 10

Spt =0 S_N)=nh[l)
Syl =nt; S H)=0

Hence

JHM) = SF+ 82+ 5115 2+ S5_ 1812 +25,1S.2 1)
_ 3. 3.9 n?
= S + SR () + 5 1)
= 2k [11)
=J(J+J); Where J = 1
J2) =57+ 85 + 54,152+ S5_1542+25,15.2[1)
_ § 2 § 2 2 _ hj
- (4h 2 ) 1) + 0+ A2 1) — 2 1)
=R (1) + [41)

This is not an eigenfunction of J2. By symmetry of electrons 1 and 2 we know that

J2M) =R + [41)

48

(XX.1)

(XX.2)

(XX.3)

(XX.4)

(XX.5)

(XX.6)

(XX.7)

(XX.8)

(XX.9)

(XX.10)
(XX.11)

(XX.12)

(XX.13)

(XX.14)
(XX.15)

(XX.16)
(XX.17)

(XX.18)

(XX.19)
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but adding the two results above:

T2+ [41) = 287 (|14) + [11)) (XX.20)

We can also subtract them
J2(IN) =) =0 (XX.21)
J2) = 217 L) (XX.22)

This gives us the spin singlet and the spin triplet states. Thus electrons in Helium can be in both spin singlet and
spin singlet.
Exercise: take L =1 and S = % and find the eigenfunctions of J = L + S. Also try S1 + 53 + S3.

In general if we do

J=L; + L, (XX.23)
A Iy
‘lllz7jm> = Z Z |llm1> |l2m2> <llm1,lgm2\jm> (XX24)
mi=—1l1 mo=—lo
JLI1) = (2 + 52) (XX.25)
h h
= (2 + 2) ) (XX.26)
(XX.27)
J2[11) = 1(2)R% 1) (XX.28)
The spin triplet is formed by J = 1:
) (XX.29)
1
7 (It + 1) (XX.30)
m (XX.31)
The spin singlet is formed by J = 0:
1
7 (It = 1) (XX.32)
€ e
7. (75 (140160 ) = (824 82) 7= (1) + i) (XX.33
1 (h h h h
-5 (Bt -5 un -3+ 2un) (XX.34)
=0 (XX.35)
The spin states are orthonormal:
(=1 (XX.36)
(414 = (XX.37)
() = (XX.38)
(1) (XX.39)



a0

Lets find the matrix U that diagonalizes the S, = % ( (1) (1) ) matrix.

hif-11 1
() (1) "

Hence the eigenvector is (after normalization)
1
L (XX.42)
2 \1

)\ h
det( A 2A>:0:>)\:j: (XX.40)

[N

The other eigenvector (easy to check) is

1 1
— XX.43
54 e
Thus the transformation matrix is
1 —
g (1) oy (XX.44)
vVoll 1
Here we are changing the quantization axis from z to x. So the rotation matrix is (rotation about the y axis)
: 00, (i0)°0r (i) o}
i0Sy/h = 1 4 22U v ... XX.4
¢ T 1 2 36 (XX.45)

But the squares the Pauli spin matrices are 1!. Thus

) 0o 021 63,1
0Sy/h — 1 4 Y% _ yoo4o XX 4
¢ 5 42 Bl (XX.46)

=cos (6/2) +isin (0/2) oy (XX.47)
[ cos(0/2) sin(6/2)
B ( —sin (6/2) cos (0/2) ) (XX.48)
For 6 = m/2:
imsyon 1 (101
e Su/2h — 7% ( . 1) (XX.49)
Notice that for 8 = 2«
-1 0
Uf =2rm)= ( 0 1 ) (XX.50)

Thus when we rotate by 27 we don’t get the identity!
We can split the eigenstates of S, into eigenstates of S, :

1 1 1
NG ( 1) =7 (I + 1)) (XX.51)
One notation for this vector is
1
=) = 7 (I + 1)) (XX.52)

Lecture 26 - November 23rd, 2011
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XXI. ENTANGLEMENT

The idea of entanglement first came out in the paper called the “EPR paper” by Einstein, Podolsky, and Rosen
(1935). This paper discussed the philosophy of entanglement but never thought that the different interpretations of
quantum mechanics could really be proved right or wrong. However a paper by Bell showed that they could and
Bell produced Bell’s inequalities. Einstein’s problem with quantum mechanics ws that he thought that “Quantum
mehanics is not complete, it doesn’t describe objective reality”.

The EPR experiment is as follows. Consider a 7° particle which has spin J = 0. It decays through

w0 et +e” (XXI.1)
Angular momentum is conserved and therefore the e*, e~ pair has total J = 0. Hence the spin configuration is

1

10,0) = —= (14 = I1) (XX1.2)

S

2

Entanglement is displayed in figure 8

FIG. 8. Entanglement of a positron and elecron pair

Lecture 27 -November 25th, 2011
Interesting paper: “Is the moon there when nobody looks? Reality and quantum theory”, Physics Today, April 1985,
by David Mermin.

Consider two operators O; and Os. Define the correlator as

(0102)

e (XXI.3)
(01) (03)
If O1 = O, then the correlator is equal to 1. The most common use of correlators is
<O($1,t1)0(1‘17t2)> (XXI4)

Def 3. Entanglement: We say a state is entangled if it cannot be written a as a simple product of one particle
states.

For example: If we could write the Helium atom as

Y1 (@) 2 () (XXI.5)
then we don’t have an entangled state. However
1
— — XXI1.6
7 (It = 1) ( )
is entangled.
Consider a box with a button on it There a few key points

1. Brick stops light from flashing

2. Everytime both random number generators has pointers pointing in the same direction we get perfect anticor-
relation. In order words we have GR or RG if we have 11,22, or 33.
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3 Switch Positions
2 Lights

FIG. 9. Entanglement figure

3. There are four possible outcomes

4. If one pays attention to the point directions then half the time we have GG or RR and half the time we have
GR and RG

Classical point of view says that particles have genes. In order for the paricles to have perfect anticorrelation we
require the particles 1 and 2 have the following gene table.

Particle one genes| Particle two genes
123 123
GGG RRR
GGR RRG
GRG RGR
RGG GRR
RRG GGR
RGR GRG
GRR RGG
RRR GGG

Consider the GGR -RRG row. There are 9 possible pointer settings:

11,12,21,22, 33
13,23,31,32

The top row gives anti-correlation while the bottom row gives the same colours. For this gene the probably is 5/9 for
anti-correlation. The row that we analyzed is the same form as all the rows but the first and law ones. On row 1 and
row 8 we get perfect anti-correlation. Therefore identical results for 6 of the 8 rows (genes) and perfect anti-correlation
for the other two rows.

The classical conclusion is that if we pay no attention to pointer positions we will get anti-correlation with a
probabilty greater then 5/9. This is the simplest way to state Bell’s inequality. The experiment violates Bell’s
inequality. This refutes the EPR claim of the existence of an element of physical reality.

The EPR reality criteria is: “If without in any way disturbing the system we can predict with certainty the value of
a physical quantity then there exists an element of physical reality corresponding to this physical quantity.”

Recall

" = x = <= (114 = ) (XXL7)
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Recall that

J?x = 0x (XXL8)
We want to know that correlator:
(XI S753 [x) (XXL9)
First lets do the simpler correlator
11
SiS5 M) = =h*5 5 1)) (XXI.10)
hZ
SES5 M) =~ 1) (XXL11)
Now
2
SiSix = - (XX1.12)

We can finally compute the normalized correlator:
(x| 5155 [x)
VOS5 1) (dl (55)% 1x)
This tells you that the spins in this state are perfectly anti-correlated. Now consider the operators in the x direction

(x| STS5 |x)

=1 (XXI.13)

5 - (XXI.14)
VO (S92 1) (] (58)° 1)
To get this correlator we need
h2
STSE 1) = == 1) (XXL15)
h2
STSE I = == 11) (XXL16)
h2
STSE ) = It (XXL17)
h2
STSSx = — X (XXI.18)
Thus
VO S9? 1x) (d (5507 1)
The same is true for the S}.SY we have perfect anti-correlation.
C(S753) I14) = (ST 1) (53) (XXI1.20)
_hfo)fryafroo o (XXL.21)
2\10 0/2\0 -1 1
h2
=) (XXL.22)

Similarly

h2
STS; 1) = = 1) (XX1.23)
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R? 1
STS5x =——— + XXI.24
[Six = =7 5 (W + 1) (XXI1.24)
X STS5 1x) =0 (XXI.25)
Hence there is no correlation.
Lecture 28 - November 30th, 2011
Recall the EPR experiment:
w0 et te” (XX1.26)

The results were
1. If the spin measurements are on the same axis then perfect anti-correlation
2. If you don’t pay attention to which axis then no-corelation

Classical thinking:
If you construct gene tables to satisfy the first condition then the second condition will produce correlation.
Quantum thinking :

1
0 _
O (=N =y J=0,J, =0 XX1.27
(=i =y =0 (XXL27)
The three pointers in the experiment are actually the directions in which we are actually meauring the spin: The
vectors are (1] = €,,7s = @e} — %éz,n}, = —%e} — %éz). Recall the definition of S
h
S=3o (XXI.28)

Where o is the spin matrix corresponding to particle 1. To find the correlator we first find the relations:

_p2
S785 = e N (XXI.29)

The correlator of Sy - 711S2 - 117 (without normalization) is

(x| 81 - 1182 - 111 [x) = (x| ST95 [x) (XXI.30)
-1 (XXI.31)

Now lets calculate

(x| (S1 - 2) (S2 - 72) |x) = (x| (*/gs*f - ;Sf> (‘/gsg - 252> ) (XXL.32)

2 2
= (x| 151 S5+ 15152 - 75152 - 751 S5 1x) (XXI.33)
Define this operator in the bracket as O.
h{o01
S, == XXI.34
2 ( 1 O) ( )
h{o01 1
S, == XXI1.35
T 2 < 1 O) <0> ( )

ho
3 ( 1) (XXI.36)
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Spl=—1 (XXI.37)

h2
on=" (i PR CF L u) (XX1.38)

FLZ
Olr=7 ( -3 u +§ H —? TT) (XXI.39)

Finally
1

Ox =07 (1~ 11) (XXT.40)
— —%x (XXTI.41)

Thus these are perfectly anti-correlated.
If we don’t pay any attention to the spin then we should get zero for the following: (i # j)

Z< |Sl nzS2 nj |X X|Zsl nZZSQ nj |X (XXI42)

,J

= (x| S1- (Z”) S - Zn] X) (XXI.43)
—0 (XXL44)

Since the vector sum over all the three vectors is trivially zero. To summarize: Bell’s inequality follows from classical
thinking. Bell’s inequality is violated by experiment and quantum mechanics. Bell’s inequality is a statistical state-
ment. In other words you have to do many measurements and sum the results. This is the way things stood until
GHZ came along (Greenburger, Horne, and Zolnger) and they proposed an experiment and carried it out which is
not a statistical experiment (one-shot experiment). In this experiment 100% of the time quantum mechanics predicts
one thing and classical mechanics predicts another. You are responsible for this experiment for the exam.

We have solved most of the exactly solvable problems in quantum mechanics but we have approximation schemes for
the others.

e Time-dependant perturbation theory

e Time-independant perturbation thoery
e Degenerate perturbation theory

e WKB approximation

e Variational method

Lecture 29 - December 1st, 2011

XXII. VARIATIONAL METHOD

This is an approximation technique. If |«) is some trial state to the equation:

Hip = By (XXIL1)
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Then we consider
(a|H| ) (XXII.2)

As an apprimation to the energy. To get the trial state we make an educated guess. There is no way we’ll get the
exact solution. If we minimize

(o] H ) (XXII1.3)
this quantity with respect to a parameter then we assured of getting as closed as possilbe the exact solution. Mathe-
matically:

d (o] H |o)
da

For some parameter a is the best possible solution. We call a a variational parameter and we use it to parametrize
our wavefunction. e.g. ¥(z,a). Why does it work? This works because

a)=> an|n) (XXIL5)

—0 (XXIL4)

(o H|a) = anas, (n'| H |n) (XXIL.6)

n,n’

but since this is an exact solution H |n) = E,, |n)

(a|H| o) Z @’ s Epbpy = lan|* En (XXIL7)
> E, Y lan|? (XXIL8)
n
> B, (XXIL9)
Mimizing the energy is maximizing a,. As an example consider Hydrogen
n? (1d?r 1 L?  Ze?
S (A I 0)=E 0 XXIL1
{3 (G5 ) * gz — 2 b 000.6) = Bv(r.0,6) (XXIL10)
Because the problem has rotational symmetry we know that ¢ (r, ¢,8) = R(r)Y;n (6, 6). Subsituting in we will get
h? (1d*r h? Ze
=—— | -— I(l+1 XXII.11
2m (rdr2>+2mr (I+1)- r ( )
We will discuss [ = 0. Thus
h2 1d%r Ze?
H=-" ( ) e (XXIL12)
r dr? r

Our trial solution is R(r) =2 (1 )3/2 e~"/% where a is the variational parameter (not a,). This is silly since we know

that R(r) above contains within it the exact solution. Note once we decide we want to try an exponential solution we
are essentially forced to this form by dimensions and normalization (even the 2!). First lets find this (define +y in this

way).
h2 1d?r Ze?
)= (B (152) -2 oo
h? 2 1 e\ /e
=7 ( o (—ar + a2) - ZT> e/ (XXIIL.14)
o h? 2 1 e\ _a
<a| H |CL> = /O 727’2d7“ (-m (—ar —+ 0,2> — Z’r‘) & / (XXIIl5)

4 h2 2 h2
== <<ma - z< ) e T/ — r2e’”/“> dr (XXIL.16)
0
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but
> 2 —r/a _ f
rée” "/ %dr = (XXII.17)
0 4
and
> —r/a a’
re " dr = — (XXII.18)
0 4
4 h? a? R a?
Hla) = — o ge? ) == XXII.1
(ol H |a) ad ((ma “) 17 2ma? 4) ( 9
4 (Ra e? a?
= (8 — Zl4> (XXII.20)
h? e?
=|—s—-Z— XXII.21
<2ma2 a ) ( )
(XXII.22)

We have calculated the energy as a function of our variational parameter a.

h2 2
—z< (XXIL.23)

E(a) = 2ma? a

The Coloumb term is pushing the electron inwards while the Quantum mechanics forms the repulsive term pushing

Quantum Mechanics

Coloumb Term

FIG. 10. The energy contributions from the varitional method

the electron outwards.

2 7 2 2
L2y, __h (XXIL24)

2e2m

E'(a) = ma3 | a2
2 2

To no suprise E’(a) is minimized at the Bohr radius. Plugging this back in you get the exact energy, F(a) = —%mc .
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